
MMP Learning Seminar
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Week 90 :

• log canonical thresholds of

anti - pluri canonical systems
• Complements near non - KIT centers

.



Log canonical thresholds of antipluri canonical systems :

✗ Fano kit
,
- Hx ample .

◦ ≤ I ~ -mhlx
.

Ilm ~ a - Hx

Ict ( ✗ it/m )
I

can these
converge

to
zero

?

Theorem 1.1 ( BAB in dimension J ) : Let d be a positive

integer .

and Eso .

Then the projective varieties ✗ such that
=

• (X
,
B ) is E- Ic J - dimensional for some B ≥o ,

and
=

• - (Kx +B) is nef & by , Fano varieties with bounded
sing}

form 2 bounded family .

{
form bounded families

!
""" " [ " " "" " """ """"" %

"""

J & E as above .

= - (15×+13)
.

There exists t-tcd.es >0¢
This

such that lot IX. B
,
/Alr ) ≥t . holds

11 indimd

prowled
int { lctlx , B. DJ / o-≤ D-* A }

Than It ≤d- I

Thm 1^8-1



!
""" " """" """"&

" "" "

(KB ) projective hit A := - Ckx + B) net & big .

A.am, µ, , , , , , ,, , , , ≤ , men , there ⇔ ,, • ☐* * §
such that lot CX , B. IAIIR ) = Ict (X , B ;D) .

/
Theorem 1.8 . ( Ict on systems with bounded degree ) :
Let d. r be natural numbers

,
Ew . Then , there exists ti-tct.net

.}
satisfying the following .

Assume .

• (✗ 1B ) projective E-le dimension d , } → bounded families
• A

very ample with At ≤ r .
• A - B is pseudo - effe.fm ,

and §f. µ, µ , g.a. a. g.www.t, µ _ µ p.a.g.egge.fm .
then

lctcx.B.IM/ir ) ≥ let IX. B
,
IAIIR ) ≥ t .



log canonical thresholds of anti - pluri canonical systems :

Proposition 3.Ii Assume Theorem 1.8 in dim •≤ d.

and assume BAB in dimension ≤
ᵗ
? Then

,
there exists V :- Vas )

satisfying the following .

Assume that :

• X Q - factorial e- Ic Fano variety of dimension d
,

} we cannot •some
• ✗ has Picard rank one

, ✗ belongs to a
bounded family .

• 0 ≤ L ~ IR
- Kx

.

Then , each coeff of L is less than or equal to V.

Proof : Step 1 : We assume that L has a single component

IX.R) n- complement of X .

By effective birational.ly, tnhxl defines a fir map &
1101C- Kx) is bounded above.

Step 2: Proposition 4.4 . from
"

Anlrphrrcanonrcal " to conclude that

(HR) is log bi rationally bonded .

11 -
"

- → ×
.

(V. LL )
, app 112 Excel U R&R .

H ≤ Is for some H
very ample .



Step 3 : (KiB ) e- Ic &

kxl-B-oo.tv#x&w-.xhx+Bx-4*9*CHxtB
)

2 component of L.HutDie = 4*01 " (Kx+ B) .

May
have

negative (V , By ) is sub - e- Ic and a CT, H ,
Bx ) ≤ L

weft_

( V , Ry ) is sub - k and act > V. Edo ) ≤ L

Note that Ry. ≤ LL , which implies • CT.MIL ) ≤ is

step 4 : D a component of Bx which is negative.
Hx&Px = µ*∅*Hx .

[ × + 4*9*8 - Bu .

It suffices to show µ☐ Fu is bounded below .

↳ + Ix - -4*9*52 ,
hence Jegriltxxt the )

is bounded from below
. .

Thus deign CIx ) is bounded.

from below
.



Step 5 : = a By + G-a) LL ≥o
. A- EH }CHAI is d- Ic where ei=ae

.

{ in thms.io

ACT , Vid ) ≤ a (Tiki B.v12 + ≤ at Ctx ) - s .

a CT , 11,21 ) 11-2 )

11-1-11 is ample for some l

-By - r Hu we

may
assume ÑÉy~pÑÑ ample

t.tl - = allH - But + a-a) UH - LL ) ample &

AHH ≤ r
.

Step 6 : let M= 4*8 ' ut

Smee R ⇒ - Hx ⇒ UT ,

tag H M = deg µ (4*4*52) . bonded above

By the 2nd step , the coefficients of µ are bounded above

"

Asrme Mis contained in the support LL .

Hence 11-1-14 ample . ftp.u.T#M1byngLemmc .

The coefficients of the birationalÉT in µ*M is >u

Therefore , the parr ( V. the M ) is not a * It pair
↓

has a coeff > is .

☐



Lemma 3.2: Assume BAB in dim ≤ d- 1 1- Thin ↳ mtrmt
= =

→ lot of anti -phricanonrcal systems in Jim ≤ d.

Proof : (X ,B+sL ) is E
'
- Ic

. We want

tobo.cn#2wyIm0ocCTiX,B+sL
) = E

'
.

Y→& × be a birational morphism extracting T .

Hy + By -01*4*+83 .

↳ = "&*L
.

C-1- I -MMP

µT (Bx ) ≤ I - E
, µt (Bit she ) = I - e !

Y

! - - →
T

'

Hence µT (sly ) ≥ e - e !

↓ ↓
Note - (H×tBtsL) ~ Rei -SIA . ! Z '

- (Ht 1-Bits Lt ) is nef & big . , *It . Tampkova
.

Z ?

f
Rona E-TI -MMP , to get a MFS Y'→ z !

general fiber is E
'
- Ic

. of Jm ≤ J -L
Jim,gÉ

horizontal /2- ' components of Cts ) Let are bounded above

|Inpar1¥? "e

µT1 ( l - s ) Ly , z
11 - s ) (E - E ' ) } → • ysp
↳ o



Now , we just need to analyze what happens when Jim -2-1=0.

PCY
'

3=1
.

Now
,

- HY ' ~
/R LY ' + By ' = ( l - s ) Lt ' & sly ' + By . ≥ Cl - s ) Lei

.

-k-a~p↳
Y

'

is E
'
- Ic

, Fano
, pct

' 1--2

By Proposition 3.1 , we conclude µt ' C1 - s ) Lei is bounded

from above
☐



Proposition 3.4 : " Divisor computing lot " holds

whenever Ict ( X ,B , /AIRI < 1
.

Proof : O ≤ Liner A. = - CH×+B )
.

b- = limti
.

Hi c- 1A / in so that ( X ,B+Hi ) is * It

IX. Bttili + Hi ) is Ic & the coeff of Hi
a-trl

belongs to some DCC set .

✗ i'→ ✗ extracts a log canonical place of IX.Bttili ) .

V1

Ti '

K'✗ i' 1- Bi
'
+ Ti

'
+ til ! + ( 1- tijtliirp ◦→ log CT pair .

K×tB+ titi + a- til Hi is log CY

Run a
- ( Hxi 't Ti 't Bi 't ( 1- f) Hi ' ) - MMP .

limit .

✗ i
'

- - → Xi
" be such a MMP .

(Xi"
,
Ti
"

+ Bi
"
t titi

"

t 11 - ti ) Hi
" ) is log canonical

↓ By ACC for Ict 's

(Xi " , Ti
"
+ Bi

"
t 11 - t) Hi

" ) is Ic .



Claim : This HMP does not terminate with a MFS

infinitely many
times

.

Pref : Xi
"
→ Zi

"

a MFS .
Hence

Hxi " + Ti " +Bi" t 11 - t ) Hi " ample over Zi
"
.

!✗ i
" t Ti

"

+ Bi
" tt+ 11 - ti ] Hi

"

~ pr . z ;
" 0

.

H×i " t Ti " 1- Bi
"
t 11 - ti ) Hi

"
. antinef over Zi " .

decrease t - < ti " < ti

H×i " t Ti " +Bi" t Cl - ti " ) Hi
"
~

112, zi
" 0

.

↓
Violates ACC .

In the general fiber , , we are violating ACC for log CT
par

.

☐



- (Xx
;
" + Ti

"

+ Bit G- f) Hi
" ) semi ample .

✗ 2

↑
Pi " ≥o .

× ;
'
- - → Xi

"

is - (Kx ; ' + Ti 't B.it 4- f) Hi ' ) - neg .

By ng Lemma
,

- (Nii ' + Ti 't Bi
'
+ G-f) Hi

' ) ~ Pi
'
≥o

Hx : + Bi
'
+ Ti 't 4-t ) Hit Pi

'

TRO . log CT
IX. Bt + Pi ) not rit .

IX. 13 + Pi ) not *It .

D= ¥ Pi , D~rA.to#Biost .

Hence
,

Ict (XiBiD)=t .

☐ .



Complements near non - tilt places :

Theorem 1.9 : J & p natural numbers . There ni-ncd.pl.

Assume :

• ( ✗ IB) projective to of Jim d
,

• PB integral ,
• M semiample Carter on ✗ defining ✗ f→Z .

• ✗ of Fano type over Z ,

• M - lKx+B ) nef & big , and
• 5 is a non - t.lt place of (XB) with Mls €0 .

Then
, there exists a h - complement CX.tt ) of IX.B) over fcs )

for which t.in#-Icnt2sM.-l--1


